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Introduction

The phenomena

1.1 If John believes that so-and-so, and Mary believes that so-and-so
implies such-and-such, then both believe that such-and-such.
(distributed belief)

1.2 If John knows that Mary knows that so-and-so, and if Mary knows
that John knows that so-and-so then both know that so-and-so.
(mutual knowledge)

1.3 If everyone knows that its not the case that so-and-so, then its not
the case that John believes that so-and-so.

(universal knowledge)

1.4 Hob thinks a witch has blighted Bob’s mare, and Nob wonders
whether she (the same witch) killed Cob's sow.
(intentional identity)
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Introduction

The ideal

A proof system which

@ is suitable for the analysis of constructive reasoning with complex
multi-agent belief (resp. knowledge) constructions

@ has good proof-theoretic properties (normalization, subformula
property)

@ permits a proof-theoretic semantics for the intensional operators for

intuitionistic belief and knowledge which explains their meaning
entirely by appeal to the structure of derivations
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Introduction

Not a viable method

Internalization:

1. Step:
Translate possible worlds truth conditions for modal operators into
introduction rules

2. Step:
Obtain elimination rules by means of inversion principles

3. Step:
Explain the meaning of the modal operators in terms of canonical
derivations in the proof system generated via Step 1 and Step 2

Foundational problem:

Proof-theoretic semantics of modal operators is based on their
model-theoretic semantics!
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Proof-interpretation for belief

BHK-clause for belief (cf. [14])

IB. A proof of B(A) is given by presenting a proof of A.

We aim at a formal conception of proof. A proof may be closed or open.

Bartosz Wieckowski (Frankfurt) Intuitionistic belief and knowledge CLASP, Gothenburg [ : ] 5/80



Introduction

Familiar: Natural deduction

Deals with superatomic inference.

Less familiar: Subatomic natural deduction
Deals with superatomic and subatomic inference.

The proposal: Multi-agent subatomic natural deduction

Deals with agent-relative superatomic and subatomic inference.

Related work: Multi-agent natural deduction

o A. Cimatti and L. Serafini (1995): Multi-agent reasoning with belief
contexts—the approach and a case study, LNCS.

e P. Piwek (2007): Meaning and dialogue coherence—a proof-theoretic
investigation, JoLLlI.
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Motivating subatomic systems

A problem with atomic systems

Atomic systems (e.g., Prawitz, Troelstra & Schwichtenberg) undermine
the subformula property:

Y xFx

Gbc Hd (1)

Subatomic systems avoid this problem.
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Agent-relative subatomic systems

Agent-relative subatomic systems

An agent-relative subatomic system S, is a pair (Z,, R,), where Z, is
an agent-relative subatomic base and R, is a set of agent-labelled
|/E-rules for atomic sentences.

| \

Agent-relative subatomic bases

An agent-relative subatomic base Z, is a 3-tuple (C, P, v,), where C is
the set of individual (or nominal) constants, P is the set of predicate
constants, a is an agent-label (agent, for short), and v, is such that:

1. For any a€C, v,:C — p(Atm), where va(a) € Atm(a).
2. For any " € P, v,4: P — p(Atm), where v,(") € Atm(p").

For any 7 € CUP, we define: 71? =4or va(7). 717 is the set of
agent-relative term assumptions for 7.

A
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Agent-relative subatomic systems

Agent-labelled |/E-rules for atomic sentences

Ra is a set of agent-labelled I/E-rules for atomic sentences:

Do D, D,
ol ? a o a anl?
a = (asl)
Poa...Qp

where pfag...an € gl naln...na,l?

/
a_ D
i

where i € {0,...,n} and 7; € {¢g, 01, ..., }

asE;)
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Agent-relative subatomic systems

[llustration: S,-derivation

This derivation contains detours:
2ra a a

a? r ?rﬁ il (asl) 25

aZ 22 (asEy) aM (asEo)
¢2ra ore al?
5 (asl) (2)
o
lra a a (aSEl)
x T or
a T (asl)
X0
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Agent-relative subatomic systems

Detour conversions for asl/E;

(3) results from (2) by means of these conversions and is in normal form:

(1*70),
., a —— (asEp)
a><1r—5r(as|)

(3)
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Agent-relative subatomic systems

Rank

The rank r(¢"aj...ap) of an atomic sentence ¢"aq...a, € Atm is 1; this is
also the rank of a maximum atomic sentence.

Cut rank
The cut rank cr(D) of an S,-derivation D is a pair {d, n}, where:

| N\

1. d=max{r(¢"aq...an) : " 1...c, maximum atomic sentence in D};

2. nis the number of maximum atomic sentences in D.

A

Theorem (Normalization for S,-systems)

Any derivation D in an S,-system can be transformed into a normal
Sa-derivation.

\
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Digression: Language

Subexpression

1. Any formula A, predicate constant ", nominal term o, and agent
term o is a positive and strictly positive subexpression of itself.

2. If formula B is a subexpression of A, then so is any subformula of B.

3. Any predicate constant " [nominal term o, agent term Q] occurring
in formula A is a subexpression of A.
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Agent-relative subatomic systems

Let D be a derivation in an S;-system.

1. An S;-unit in D is either an occurrence of (i) an atomic sentence or
(ii) an agent-relative term assumption 7% in D. We use Us,, Ug,
(possibly, with subscripts) for S,-units.

2. In case Us, is a term assumption 71 in D, 7 is the expression in
Us

a2

Theorem (Subexpression property for S,-systems)

If D is a normal S,-derivation of an Sy-unit Us, from a set of Sy-units T,
then each S,-unit in D is a subexpression of an expression in I U {Us,}.
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Motivating subatomic identity systems

A problem with standard identity

Natural deduction systems with standard 1/E-rules for identity
undermine the subformula property:

a=b Fa
b=c Fb (4)
Fc

Subatomic identity systems avoid this problem.
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Agent-relative subatomic identity systems

Non-primitive identity

Let ©" be an n-ary predicate constant.

Kggﬂ(ola 02) =def
Vz1.¥zp-1Vz, ((@"0122...20 < @ 022...2,)
& (p"z101...25 < ©"2107...25)
& ... & (go"zl...z,,_lol g gp”zl...z,,_loz))
Let goll‘l, ...,okm be all the atomic predicates in P, where ¢; is kj-ary.

0120y =ger KK (01,02) & ... & Kkm (o1, 00)

16 /80
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Agent-relative subatomic identity systems

Agent-relative subatomic identity systems

An agent-relative subatomic identity system S, is a pair (Za,R;),
where R} is R, extended with agent-labelled |/E-rules for =:
[{pr(an))ald™  [{pr(az))al™ [{pr(@n))ald®  [pr(a2))ald®
Dll Dlz Dkl Dkz
a— a— a— a—
Srila2)  pi(a) peloa)  plan) oo
a1=0n
"ot ?) St ?)
a1=00 pilal (2E1) Q1= pila2 CED)
pi(az) pi(a1)
where i € {1,...,k}
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t-relative subatomic identity systems

[llustration: S>-derivations

ir? 3l
oo (asl)
. 7 (a))alSD [h(a))al ) . [} (a))al$? [l (a))al$2)
@1l ? al @kl i alr
a a
[ LI 6
a #i(e) - #i() (=D, 11, k2 ©
a=a (W?(a))a .
a (=Ei2)
@i ()
v
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t-relative subatomic identity systems

Detour conversions for =

[@f(1))al M) [(@f (a2))a]12) [ef(a1))al k) [(f(az))a] )
Dy, D, Dy, Dy,
a— a— o a—
awf(az) e (a1) ep(a) op(ar) 0 R ;sz
ar=ay pi(a1)
a (=
of (a2)
conv
a Dig
(] (e1)]
a Dil
i (c2)

The conversion with =E;2 is similar.

E;l)
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Agent-relative subatomic identity systems

The rank r(ai=az) of an identity sentence a;=ay (where possibly
a1 = ap) is 1; this is also the rank of a maximum identity sentence.

The cut rank cr(D) of an S™-derivation D is a 4-tuple (d, n, e, m), where:

1. d, n are like above;
2. e=max{r(a1=az) : ay=ap maximum identity sentence in D};

3. m is the number of maximum identity sentences in D.

Theorem (Normalization for S;-systems)

Any derivation D in an S,-system can be transformed into a normal
S, -derivation.
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Agent-relative subatomic identity systems

Let D be a derivation in an S;-system.

1. An S;-unit in D is either an occurrence of (i) an atomic sentence, (ii)
an identity sentence, or of (iii) an agent-relative term assumption 7
in D. We use Ug:z, Ug: (possibly, with subscripts) for S;-units.

a a

2. In case Ug: is a term assumption 7[?in D, 7 is the expression in
US;
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Agent-relative subatomic identity systems

S;-Tracks

A track of an S;-derivation D is a sequence of unit occurrences
USfo’ ..., Ugz such that
1. Us: is a top unit occurrence (i.e., a leaf) in D;
al
2. Ug= for i < nis not the minor premiss of an instance of =Ej;
al

3. Ugz, is either (i) the minor premiss of an instance of =E;j or (ii) the
conclusion of D.
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Agent-relative subatomic identity systems

Theorem (Subexpression property for S;-systems)

If D is a normal S;-derivation of an S -unit Us: from a set of S;-units T,

then each S,-unit in D is a subexpression of an expression in T U {Usj‘}-

NB: Below, @jas is a subexpression of a leaf.

a (alzozz);iaz(soim)a (2E11)

a (asEo) ra (7)
Pi Qas

pias (as)

a
a
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Multi-agent subatomic natural deduction

Multi-agent belief systems (IBK-systems)
An intuitionsitic multi-agent subatomic natural deduction belief system
Bl(sj) (abbr. IBK-system) is a pair (Z4, R 4), where

@ T4 is a multi-agent belief base and

@ R 4 is a set of agent-labelled rules.
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Multi-agent subatomic natural deduction

Multi-agent belief bases
Let A={ay,...,a,} be a finite set of agents, let S = {S;,,...,S;, }, and
let C={ay,...,a,} be the set of agent constants.
A multi-agent belief base Z 4 is a tuple (A,S%,C, f, g, h), where for each
ie{l,..,n}

f:A—>8, suchthat f(a)=3;,

g:A—>C suchthat g(a;)=a;, and

h:C—C; suchthat h(g(a;)) = «;, where C; € f(a;).

| N\

Agent-labelled logical rules

R4 is a set which contains, for each a € A with (possibly primed)
a-subscripts i,j, k,I,me {1, ..., n}, the following agent-labelled rules:

¢
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Multi-agent subatomic natural deduction

Agent-labelled rules: Connectives and absurdity

aj & ay & aj _Dl aj _Dl
A B A&B A&B
a; ALE (&) & 2 (&E1) & — (&E2)
D, D, [(A)a]S (B, 15
a'aj A (vI1) a-aj B (vI2) 4 Dy ay e} ay Ds
i ——— | ——
Av B Av B a,-AVB C(; C(vE), uv
(u)
[(A;;k]a/ aj Dl DZ 2 D]_
=22 y 21
aJFI aiADBB A(:)E) a,i(li)
ey
In 1i: Ae Atm. )

1
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Multi-agent subatomic natural deduction

Agent-labelled rules: Universal quantifier

Side conditions:

1. In VI: (i) if o is a proper variable y, then o = x or o is not free in A, and o is
not free in any assumption of a formula which is open in the derivation of
A(x/o); (ii) if o is a nominal constant, then o does neither occur in an
undischarged assumption of a formula, nor in VX/% nor in a term assumption

1

A(x/0)

for all 0 €C.

leaf ol ?; (iii) o is a nominal constant and @;

2. In VE: o is free for x in A.

We write V1.i, YLii, Yl.iii when we use the rule VI according to the conditions
given in (i), (i), and (iii).
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Multi-agent subatomic natural deduction

Agent-labelled rules: Existential quantifier

D [(A(x/0))a )5
" A(x/o) a DL D,
a IxA (31 a; M (3E), u

Side conditions:

1. In 3E: (i) if o is a proper variable y, then o0 = x or o is not free in A, and o is
not free in C nor in any assumption of a formula which is open in the
derivation of the upper occurrence of C other than [(A(x/o))a,]gf'); (i) if o
is a nominal constant, then o does neither occur in an undischarged
assumption of a formula, nor in 3xA, nor in C, nor in a term assumption leaf

ol am,
2. In 3l: o is free for x in A.

We write JE.i, 3E.ii when we use the rule JE according to the conditions given in

(i) and (ii).
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Multi-agent subatomic natural deduction

Agent-labelled rules: Belief and knowledge

D]_ a Dl
ay — k
A B,,(A)
a; Ba_l .
B, ( A)( 3,1) a; —— (B,/E)
Dl a Dl
ay — k
A Ks, (A)
a; Ka,| .=y
KéJ_(A)( 31) a —— (K4 F)

Side condition on K, I:
A does neither depend on a term assumption nor on an open formula assumption.

Observation: |/E-rules for knowledge do not expand.
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Multi-agent subatomic natural deduction

I-rule for belief: Kinds of belief

D1 may contain the following kinds of leaves: discharged formula assumptions
(DFA), undischarged formula assumptions (UFA), and term assumptions (TA).

Category | D; contains UFA | Dy contains DFA | D; contains TA |

C1 yes yes yes
C2 yes yes no
C3 yes no yes
C4 yes no no
C5 no yes yes
Cé no yes no
C7 no no yes
C8 no no no

We may distinguish the following kinds of belief: conditional belief (C1-4),
unconditional belief (C5-8), purely hypothetical belief (C4), knowledge (C6),
purely basic belief (CT), empty belief (C8).
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Multi-agent subatomic natural deduction

I-rule for belief: Interactivity parameters

The following combinations of interactivity parameters (abbr. IP) are possible
with respect to the rules for B,, K;, where

IP1 = agent label of premiss
IP2 = agent label of conclusion
IP3 = subscripted agent constant

\ \ IP1 \ P2 \ IP3 \
IP1 distinct | distinct
IP2 | same distinct
IP3 | same | same
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Multi-agent subatomic natural deduction

Agent-labelled rules: Agent quantifiers

Let E € {B,K}:

Dl Dl
a_———— a ——
E(o/a,) (A) ¥ xE,(A)
a —————(¥I) a—— =
¥ xEx(A) E(z/aj) (A)

Side condition on VI: Dy derives E(,,,)(A) for each a, eC.

(VE)

a_ D1 [{Eera,) (A))alS”
E(X/a)(A) a; D, B Dy
EKE)_((A) (—) ai_ﬁ _( ) c (ﬂE), J

Side condition on 3E: a,, does neither occur in an undischarged
assumption, nor in 3 xE, A, nor in C.
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Multi-agent subatomic natural deduction

Agent identity

Let A be an atomic formula.
KA(01,0,) =def
Yz,..¥z,,¥z, ((BQ1 852...B£HA <> BQZBgz...anA)
&(leBol Bz, A< B, B,,...B; A)
& ... & (B B, .. BolA <> le B .- .BQ2A))

Let Aq,..., A, be a finite list of atomic formulae.

01 =0y  =def KAI(QDQQ) & ... & KA,,,(Qsz)

CLASP, Gothenburg [ : ] 33/80
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Multi-agent subatomic natural deduction

Agent-labelled rules: Agent identity

(CER YR U (CTEZ A e [(B(a)Amday, 15 [(B(@)Anday, 1572

D D
aj; ! ajr 2 aj, _Dm_ & Do
B(2,)A1 ! B(2)A1 B(2,)Am ™ B(2;)Am

aj (=), 11,1, ..., my, my
21= 3,

where /€ {1,..., m}
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Multi-agent subatomic natural deduction

Canonical derivations

An IBK-derivation which applies an I-rule for a formula in its last step is a
canonical derivation of that formula.

Theses, theorems, and strictly intuitionistic theorems of IBK-systems

1. Any formula A which can be derived canonically in an IBK-system is a
thesis of that system.

2. Any thesis A of an IBK-system which can be derived from the empty
set of both open (i.e., undischarged) formula assumptions and term
assumptions is an IBK-theorem.

3. Any theorem of IBK which can be derived exclusively by means of the
rules for the standard logical operators (except for Vl.iii) and
intuitionistic absurdity, is a strictly intuitionistic IBK-theorem.
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Multi-agent subatomic natural deduction

[llustration: Belief and knowledge

Al g BN
a A (=N, 1 a A (DI),_é (8)
ay A> Bél(A) BQI(A) oA (&)

A« B, (A) (K, 1)

" Koy (A By, (A))
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Multi-agent subatomic natural deduction

[llustration: Belief and knowledge of theorems

S (1) (2)
a [(Kél(A A)> ]al (KalE) a [<A>31]3f (DI), 2
& %( 2 e A;\) AA) (Kz,)
MK (A:%:DB )(ADA)(D')’l g (A:)A)(DK asa
a a; a4 a; a; (&l)
K (A2 A) & B, (Ao A)
o)
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Multi-agent subatomic natural deduction

[llustration: Distributed belief

C =B, (A)&B,, (A> B)

(Oals’  , UOals . [Oals) | [O)als)

“B,(A>B)  B,(A) ' B,(A2B)  B,(A)
a =3 a =2 as = A —— as =2

a Ao B A a Ao B A
- B B (10)
B = a ———
2 B.,(5) 5.,(B)
B, (B)&B, (B
L (B)2B,, () o 1

? (B,,(A)&B,,(A> B)) > (B,,(B)&B,,(B))
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Multi-agent subatomic natural deduction

[llustration: Mutual knowledge

y LKa, (Ka, (A)&KG, (Kg, (D)ol [(Ka, (Ko, () &Ky, (Ks, () ) ]

Ka, (Ks, (A))

, K3, (K3, (4))
la Ky, (4)

(KayF) C

(Ks,E)
(&1)

(=N, 1

Ka, (A)&K,, (A)
(Kaz(Ka3(A))&Ka3(Ka2(A))) (Ka, (A)&K,, (A))

(11)

v
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Multi-agent subatomic natural deduction

[llustration: Universal knowledge

(2)
RCNGIEY .

a3 °A . A (oE) (12)
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Multi-agent subatomic natural deduction

[llustration: A complex multi-agent belief construction

ai

2ra a a
T gl apl™
Poros © I§as|)
— 5 . \Pa
a B, (pPci0n)
Elx(Bél(gozxaz))

a

(Ba,!)

(21) (13)
(Ba,1)

(Ba,1)

(¥h

(Ba,1)
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Multi-agent subatomic natural deduction

Segments

Let R € {VE, 3E, 3E}. A segment of length n in a derivation D in an IBK-system
is a sequence Ay, ..., A, of successive occurrences of a formula A in D such that:

1. for 1< n, i<n, Ajis a minor premiss of an R-rule application in D with
conclusion A 1;

2. A, is not a minor premiss of an R-rule application;

3. Aj is not the conclusion of an R-rule application.

| A\

Maximal segments

o is a maximal segment in case A, is the major premiss of a log*E-rule
of the IBK-system, and either n>1, or n=1 and A; = A, is the conclusion
of a log*l-rule. (A maximum formula is a special case of a maximal
segment.)

\
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Multi-agent subatomic natural deduction

A segment (a), (b), (c) of length 3.

a, ——— (Bpl)
5(C) (o1), u

(3 xKe(A))ay T (@) B3BH(C)
ay’

(3 xK(A))a (b) B5B,(C) ?
ay (iE)
([ B2B,(0) o)
‘ B, (C)

Bartosz Wieckowski (Frankfurt) Intuitionistic belief and knowledge CLASP, Gothenburg [ : ]



Multi-agent subatomic natural deduction

The cut rank cr(D) of a derivation D in an IBK-system is a 6-tuple
(d,n,e,m,f, o), where:

1. d,n,e,m are as above;
2. f = Crigg« (D) where
a. Crigg+(0) = |A| is the cut rank of a maximal segment ¢ with formula A;
b. criogr(D) = max{criog(c): o is a maximal segment in D}.
In case there is no maximal segment, cripg+ (D) = 0.

3. o is the sum of lengths of all critical cuts in D where a critical cut of
a derivation D in IBK is a maximal segment of maximal cut rank
from all maximal segments in D.

Derivations in IBK-systems which do not contain (i) maximum atomic
sentences, (ii) maximum =-sentences, or (iii) critical cuts are normal.

44 /80
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Multi-agent subatomic natural deduction

Some detour conversions

[(A)a]8” D,
Dy
ak—l Dy conv [1;4]
aj (DI), u am=—= a 21
a,-A B B A(DE) 8
a/%
Ve, ) e A
aj A ( P )
a D1 [(Ea, (A))an]5 a D1
E, (A E, (A
a; é'(() an am% conv a4

Bartosz Wieckowski (Frankfurt)
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Multi-agent subatomic natural deduction

Theorem (Normalization)

Any derivation D in an IBK-system can be transformed into a normal
IBK-derivation.
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Multi-agent subatomic natural deduction

Let D be a derivation in an IBK-system.

L. A unit in D is either (i) a segment (a formula being a special case of
a segment) or (ii) the occurrence of an S;-unit in D. We use U, U’
(possibly with subscripts) for units.

2. In case U is a term assumption 7[ in D, 7 is the expression in U.

v
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Multi-agent subatomic natural deduction

Tracks of IBK-derivations

A track of an IBK-derivation D is a sequence of unit occurrences Uy, ..., U, such that:

1. Uy is either a top formula occurrence Ag in D not discharged by an application b of an
R-rule (i.e., VE, 3E, JE) or Uy is a top occurrence of an agent-relative term assumption
Trg;

2. U; is either a formula occurrence A; for i < n which is not the minor premiss of an
instance of an R*-rule (i.e., =E;j, oE, ZE;j), and either:

a. A; is not the major premiss of an instance of an R-rule and Aj;; is directly below
A;, or
b. A; is the major premiss of an instance b of an R-rule and A;,1 is an assumption
discharged by b; or
Ui is a term assumption 7T%.
3. U, is either a formula occurrence A, which is either:
a. the minor premiss of an instance of an R*-rule, or
the conclusion of D, or
the major premiss of an instance b of an R-rule in case there is no assumption
discharged by b; or
Uy is a term assumption 72 which is the conclusion of D.

Bartosz Wieckowski (Frankfurt) Intuitionistic belief and knowledge CLASP, Gothenburg [



Multi-agent subatomic natural deduction

Theorem (Structure)

Let D be a normal IBK-derivation and let 7 be a track Uy, ..., U, in D.
Then there is a segment U; in 7, the minimum part of the track, which
divides 7 into two (possibly empty) parts, an E-part Uy, ..., Ui_1 and an
I-part Ujs1, ..., U, such that:

1. for each U; in the E-part one has j < i, U; is a (major) premiss of an
E-rule, and Uj,1 is a (stictly positive) subexpression of U;, and,
therefore, each U; is a (stictly positive) subexpression of Up;

2. for each U; in the I-part one has i < j, and if j < n, then U; is a
premiss of an I-rule and a (stictly positive) subexpression of Uj,1, so
each U; is a (stictly positive) subexpression of Uy;

3. if i#n, U;is also a premiss of an I-rule or of the Li-rule and a
(strictly positive) subexpression of Up.
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Multi-agent subatomic natural deduction

Theorem (Subexpression property)

If D is a normal IBK-derivation of a unit U from a set of units I, then
each unit in D is a subexpression of an expression in ['u {U}.
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Multi-agent subatomic natural deduction

Non-normality

[(Ka(A> B))a]S" [(Ka(A))al$”
= (KaE) oW BN greee
a A o] B a A (DE)

ay (B) (Kal) illegal
"k KB

?Ko(A> B) 5 (Ka(A) > Ka(B))

(KE)

(2N, 1
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Intuitionistic epistemic logic

Comparison with Artemov & Protopopescu [1]

‘ | Principle (where 0 := K) | IBK [ [1] |

1 o(A> B) > (DA>0OB) x v/
2 A>DOA x Vi
3 OAS A v X

4 0A> --A v v/
5 OA>OOA x v/
6 -O0A>O-0OA x v/
7 O0-A>-A v Vi
8 0(A&B) > (0A& O B) x v/
9 (0DA& O B) > O(A&B) x Vv
10 | o(Av B) > (OAvOB) X x

11 | -O1 N Vv
12 —\(DA&—!A) \/ \/
13 | -—~(0A > A) v v/
14 | —-O0A>-O-A x V4
15 | 0-A>-DOA N v/
16 | —O0A>-A X v/
17 | -A>-0OA Vi v
18 | -(-O0A&-0-A) x v

v
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Proof-theoretic semantics

Meaning

The meaning of a non-logical constant is given by the term assumption
for the constant, and the meaning of a formula is determined by the set of
its canonical IBK-derivations.
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Intuitionistic intentional identity

Geach's characterization:

“[w]e have intentional identity when a number of people, or one person
on different occasions, have attitudes with a common focus, whether or
not there actually is something at that focus” ([6]: 627).

Geach's example:

| A

Reported outbreak of witch mania in Gotham village:

(1.) Hob thinks a witch has blighted Bob's mare, and Nob wonders
whether she (the same witch) killed Cob'’s sow.

A simplified example:

| \

(2.) Hob believes that Bob's mare is possessed by a demon, and Nob
believes that Cob's sow is possessed by it (the same demon) as well.

v
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Intuitionistic intentional identity

Traditional desiderata
A satisfactory analysis of

(2.) Hob believes that Bob's mare is possessed by a demon, and Nob
believes that Cob's sow is possessed by it (the same demon) as well.

has to ensure

(i)  non-existence of demons
(i)  unspecific reading of ‘a demon’
(iii) cross-attitude convergence of ‘a demon’ and ‘it’
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Intuitionistic intentional identity

Model-theoretic proposals

@ explain meaning in terms of reference and truth conditions

@ use ontology (e.g., individuals, possible worlds, events)

@ typically based on classical logic

Present proposal

@ explains meaning in terms of IBK-derivations (proof-theoretic
semantics)

@ no ontology used

@ based on intuitionistic logic

A\
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Intuitionistic intentional identity: First analysis of (2.)

(2.) Hob believes that Bob's mare is possessed by a demon, and Nob
believes that Cob's sow is possessed by it (the same demon) as well.

First reading of (2.)

(3.) Bob owns exactly one mare and Hob believes that it is possessed by a
demon, and Cob owns exactly one sow and Nob believes that it is
possessed by a demon, and all demons are such that if, of any mare
which Bob owns, Hob believes that it is possessed by a demon, and of
any sow which Cob owns, Nob believes that it is possessed by a
demon, then Nob believes that the demons are the same demon.

(Nob forms his belief on the basis of Hob's belief about Bob's mare.)
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Intuitionistic intentional identity: First analysis of (2.)

Symbolization of (3.): G

b = ‘Bob’, ¢ = ‘Cob’, h = ‘Hob’, n = ‘Nob’, M* = ‘mare’, §' = ‘sow’, D' =
‘demon’, o = ‘owns’, P? = ‘s possessed by'.

G = (A1&A>)&As, where:

((3x1(M'x1& O bxy)
AL =1 &Yy Yz (((M'y1&0°by; )&(M 2,& OPbz,)) = y1221))
&Y uy (M 1180 buy) 2 Bp(3vi (D' vi& PP urvr))))

((3X2(51X2&02CX2)
Az = { &YYoV 2:(((S'y2& O cya)&(S & 0P c20)) 2 o2 2,))
&Y ur((S'th& O cur) 2 B, (3va (D' va& PP unv))))
Yy Vwo[ (((D'wi& D ws)
_ | &Vus((M'us& O bus) > By(PPuswy)))
7 &Yus((S'vs&OPcvs) 5 Bo(PPvaws)))
2 Bp(wizws)]
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Digression: Multi-agent subatomic natural deduction

Specific/unspecific uses of 3L.ii

Let IxA be the symbolization of a sentence which admits a specific and an
unspecific reading. Convention (cf. [15]):

C-1 When A(x/a) is the premiss of an application of 3l.ii and al?
contains no more elements than those which are needed for the
derivation of A(x/a) then a, the application of 3l.ii to A(x/«), and
the conclusion 3xA of this application are called unspecific; if al?
contains more elements than those which are needed for the
derivation of A(x/a) then «, the application of 3l.ii to A(x/«), and
the conclusion dxA of this application are called specific.
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of A;,

M myl” O°r"  bI" ml"
r——————asl) r (
M my O2bm]_
r 1
M' m1& 0% bmy .
r - (3l.iis)
E|X1(M Xl&Oszl)

Ala

asl)
(15)

Dla =

Al.ii is used in the specific mode, since {I\/Ilml, Ozbml} cml".
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of Ajp

Dipy, Dby, - Dip, Dip,, .
r e (=|), ].bll,lblz,...,].bkl,lbkz
r— 2 — (al), 1b
r ((M m2&02bm2)&(/\/l m3&02bm3)) D My=m3 (Vl iii)

D= r V21 (((M' mp&0°bmy) &(M* 21& OPbz1)) > myz1) (i)
Yy V2 (M1 &by )&(M 21&0%bz1)) > y1=z1)

Aip

(16)

The dots in the application of =l indicate that it is used in a specific manner.
The application of VLl.iii indicates that subatomic bases matter (and that Vl.ii
cannot be applied here).
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of A;, (contd.)

Blb = (M1m2 & O2bm2) &(M1m3&02bm3)
b b
Dy, = . _L(Buw) )™ Dy, = . _L{Bie) ™
M1m3&02bm3 M1m2&02me
Y v (1 Y1 A Y
p N TR0edr , M ms p DY MBirlr , Mm;
M msl MT mol
r | (asl) | (asl)
M ms3 M my )
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of A;p, (contd.)

Blb = (M1m2 & O2bm2) &(M1m3&02bm3)
lek = r [(Blb)r]ﬁlb) r [(Blb>r]£1b)
! 1 1
M m3&O?bms M m3& 0P bms
[{OPbmy) ](1bk1) r 7 r 7
r # I bm3 r bm3
or br msl
r (asl)
O2bm3
Dry, — [(B1s) 1S [(B1s) ]S
2 r 1 r 1
M mz&ozme M m2&02bm2
[(OPbms) )it " r
r 3/rlr 7 02me - 02me
, or br myl (asl)
02me
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of A;.
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of A4

. [( M my& 0P bmy) ] )

l\/llm4
b Dk : dy " (as) b P2rh maTh dy " (asl)
, D' P*mydy
D' & P* muds @lii,)
Elvl(Dlvl&sz4v1) (B:I)
Br(3vi(D'vi&PPmavy)) (1), 1c

h (Mlm4&02bm4) o] Bh(Elvl(Dlvl&sz‘;vl))
Vu (M 11&0buy) 5 By(3vi (D' vi& PP uyvi)))

—

Ard

(VLiii)

Dig =

(18)

3l.ii is used in the unspecific mode, since diI'™" = {Dldl, P2m4d1}.

Bartosz Wieckowski (Frankfurt) Intuitionistic belief and knowledge CLASP, Gothenburg [ : ] 65 /80



Intuitionistic intentional identity: First analysis of (2.)

Derivation of A;

(19)

The reporter concludes A; on the basis of his own and Hob’s conclusions.

v
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Intuitionistic intentional identity: First analysis of (2.)

Ay is a conjunction of Ay. and Apg, where:

AZC: 3X2(51X2&02CX2)&Vy2V22(((SlyQ&OZCyz)&(Slzz&Ozczz)) o) y2522)

AZa A;b
Agd: VU2((51U2&02CU2) =) BQ(HV2(D1V2&P2U2V2)))
The sentences symbolized are:

As,: There is at least one sow which Cob owns.

Asp:  All the sows Cob owns are the same sow.

Azc: Cob owns exactly one sow.

Azg:  If something is a sow which Cob owns, then Nob believes that it is
possessed by a demon.

As: Cob owns exactly one sow and Nob believes that it is possessed by
a demon.

The derivation of A, is exactly analogous to that of A;.
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of A3

B, = D'ds;& D' d,

Bg(dg) = VU3((M1U3&O2bU3) 2 Bh(P2U3d3))
Bs(ds) = Yv3((S'v3& O cvs) 2 B,(PPvsds)) Let k' < k and k' = 3.

D311’D312’D3217D322aD3k1;D3k/
n . —= (21), 34,,315,32,,32,, 3, 3¢
n d3=dy
Bﬂ(d35d4)
n 3 i = (=20, 3
(((D d3&D"dy)&B>(d3))&B3(ds)) o Bn(ds=ds) (Vi)
Vws[(((D'ds&D'wy)& By (d3))&B3(w2)) 2 Ba(d3wa)]

Liii
Y Vo[ (((D'wi&D'wz)&Bo(wi))&Bs(wa)) 5 Ba(wiZws)] (viii) (1)

As

The lack of dots in the application of =| indicates that it used in an unspecific
manner.

As makes use of belief de nomine (there is no res or individual at the focus).
Bartosz Wieckowski (Frankfurt)
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of Az (contd.)

B, = D'ds&D'd,
By(ds) = Yus((M' us& O%bus) 5 By(P?uzds))

B3(d4) = VV3((51V3&02CV3) =) BQ(P2V3d4))

[((B1&Bx(d3))&B3(ds))n]s)

D, = -
3, =
[(D'ds)als L 4G o
NAL drn pHD Gl D'ds
() m — Dl "
D'd, (b) n o (11)
3
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of Az (contd.)

B; = D'd;& D' dj
By(ds) = Yus((M'u3& 0?bus) > B (PPusds))
B3(ds) = Vv3((Stvs&O%cvs) o Bp(P?vady))
 [{(B1&Ba(d3))&:B3(d)) ]y
i Bs(da) , D3
D3, = i (S*s5& O?css) o Bp(P?ssds) Bz,
Bn(P?ssds)
n [{Pssds)aln ™ , [(Pssds)als™’ ! , Pssda
i 2 ssI" dsr" (12)
P?ss5d.
L S ol <
where D3, = n S'ss 02C55
5155&02c55
B3,
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of Az (contd.)

B; = D'ds&D'd,
By(ds) = Yus((M'u3& O?bus) > B (PPusds))
Bg(d4) = VV3((51V3&02CV3) =] Bﬂ(P2V3d4))

| [{(B1&:Bx(d5))&B3(dh)) ]

B1&B>(d3)
" Ba(d3) , Db
Dy, = . (M! m5& 0?bms) > Bp(P*msds) By,
Bh(P?msds)
QWP sscdn]s™  [(Pesa)a] " Pmsds
i P2rn ssI" dsr" (13)
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of Az (contd.)

B; = D'ds&D'd,
BQ(d3) = VU3((MIU3&02bU3) =} BQ(P2U3d3))
B3(ds) = Yv3((S'vs& O%cvs) o Bp(P?vads)) Let k' < k and k' = 3.

, [{(B1&Ba(ds))&Bs(c)) s

i B3(ds) . Dsa
DSk{ = n (5155&02C55) o BQ(P255d4) Bs,
Gu) Gy) n Bn(Pssch)
n [(P2m5d3)n]n ! n [(P2m5d3),,],, d n P255d4
n Prn msl'" dal’"” (14)
P2m5d4
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of Az (contd.)

By = D'd3&D*dj
Ba(d3) = Vu3((M'u3& 0% buz) > By(P?u3ds))
Bs(dy) = Vv3((S'v3&O%cvs3) 2 By (P?v3ds)) Let k' < k and k' = 3.

[((B1&B2(ds))&Bs(da))n] >

n
B1&B>(d3)
n B>(ds) , D3t
D3k2’ = (Mlm5&02bm5) o] Bh(P2m5d3) B3b
n h
Gur) G . By (P*msds)
k! ’ -
n [{(PPmsda)n]n 2 n [{(P?msds)n]n & . P2 msds
n n n
i P2r msl dsl (15)

P’msds
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Intuitionistic intentional identity: First analysis of (2.)

Derivation of G

r=t r==
G (&) n—D3
A1& A A3 (&) (17)
(Ar&Ar)&A;

|

Meaning of G

The meaning of G is determined by the set of its (possibly non-normal)
canonical IBK-derivations. (17) is a member of this set.

v
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Intuitionistic intentional identity: Second analysis of (2.)

Second reading of (2.)

(4.) There is a demon of which Hob believes that Bob's mare is possessed
by it and of which Nob believes that Cob’s sow is possessed by it.

(Permits that Nob need not have any beliefs concerning Hob or concerning
Bob's mare, and that Hob need not have any beliefs about Nob or about
Cob's sow.)

A,

Symbolization of (4.): G’

G = Aw(
[A1c&By(D" W& (¥ ur (M1 & O buy) 5 PPuyw)))]
&
[A2c&B (D' w& (Y up((S' t2& O cuy) 5 PPupw)))])

.
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Intuitionistic intentional identity: Second analysis of (2.)

A1e(d) = Bp(D'd& (¥ ur ((M't1& O buy) 5 PPuyd)))
Age(d) = B,(D'd& (¥ up((S' 28 O cuy) 5 PP upd)))

; Dic D ;D ) Dy
Aic Ale(d) - Azc A2e(d)
Arc&Are(d) Axc&Aoe(d)
[Alc&Ale(d)]&[AZC&AZe(d)]
3W([Alc&Ale(W)]&[A2C&A26(W)])

(3)  (20)
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Intuitionistic intentional identity: Second analysis of (2.)

Derivation of A;.(d)

h—
L P mrh A (o)
h— P’md ol), le
pirt drh (M"m&0?bm) > P*md
h=——— (asl) (VLiii)
. Dd Vul((Mlul&Ozbul) ) P2u1d) (&)
F— 1 D'd& (Y u1 ((M't1&0%buy) o PPurd)) (B4l) (18)

By(D"d&(Vuy (M t1& OPbuy) 5 PPurd)))

Are(d)

dr' = {D'd, P> md}
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Intuitionistic intentional identity: Second analysis of (2.)

Derivation of Ax.(d)

[(Sls&OZCS) ](26)

Ozcs 1
P Cul T (asl)
lrn n 51 &02 P2 d( I), e
nu(asl) n ( RO o Fs (Vi)
Dld VUQ((S uz&Ozcuz) P2U2d) (&|)
Dj. = D' de(Vur((S' & O i) > Pind)) (19)

" Bo(D"d& (Y ua((S' & O cup) 2 PP uad)))

dr" = {D'd, Psd}
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Intuitionistic intentional identity: Second analysis of (2.)

Derivation of G’: Ignorance

Hob's ignorance with respect to Nob or Cob’s sow, and Nob's ignorance
with respect to Hob or Bob’s mare, can be guaranteed by the following
stipulations concerning the multi-agent belief base of the IBK-system:

1onMh=ch=oh=g; Sts¢ ST QPcs ¢ O°TH; PPsd ¢ PPTh.
2. A" =bI"=mM"=g; M'm¢ M'T";, O°bm ¢ O°T™; PPmd ¢ P°T".
3. Recall: dI'" = {D'd, PPmd} and dI'" = {D'd, P>sd}.

Derivation of G’: Common focus

[llustration: We assume Hob and Nob base their beliefs on the Gotham
News report that there is a demon called ‘Don’. Let g be the agent-label
for ‘Gotham News' and let d = ‘Don’: d'8 = d'" n dl'" = {D'd}.
Intuitively, dl'8 is the common focus of Hob's and Nob's attitudes.

| A\
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Intuitionistic multi-agent subatomic natural deduction

Conclusion

IBK-systems are:

o autarkical

(not extracted from model-theoretic possible worlds truth conditions)
o Gentzenian

(admit a proof-theoretic semantics due to normalization)

fully analytic

(due to subexpression/subformula property)

intuitionistic

(support a constructive conception of truth, meaning, and belief)

versatile
(suitable for, e.g., de dicto/de nomine/de se, mutual, distributed,
universal belief/knowledge; intentional identity)

Tack sa mycket!
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